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Kihara’s first approximation for isotopic thermal diffusion in gases, which
is a simplification of the Chapman-Enskog approximation, is derived in a
simple and intuitive manner; the derivation elucidates the physical meaning
of the approximation. The second approximation in this scheme is also
given; it indicates the high accuracy of the first approximation.
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1. INTRODUCTION

In 1949 the present author® suggested a simplification of the well-known
expressions for the transport coefficients of gases due to Chapman and
Enskog. This scheme is called the Kihara approximation, in contrast with
the original Chapman-Enskog approximation; expressions obtained by this
scheme are widely used in the literature.*-2?
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In either of these approximations, the transport coefficients are given in
terms of the effective cross sections Q®(r) defined by

QO(r) = ( kT )”2 J " exp(—g*?) g+ f (1 — cos 6) do dg* (1)
(4]

2mm*
g* = (m*2kT)"'%, I=1,2,..; r=10L1+1,..

Here g is the relative velocity; 0 is the angle of deflection in the orbit of relative

motion; do is the differential collision cross section; m* is the reduced mass;

T is the absolute temperature; and k is the Boltzmann constant. The purpose

of the Kihara simplification was to obtain expressions which contain only

Q®() with smaller / and r while nevertheless attaining sufficient accuracy.
From (1) we find the identity

din QO¢) _ Q%+ 1) _ (3
dnT Q%) 2

Both sides vanish identically for the Maxwellian molecular model and take
on small magnitudes in general. By virtue of this characteristic, the coefficient
of viscosity n of a pure gas and the coefficient of thermal conductivity « of a
pure monatonic gas are obtained™ in the forms

2

= w5 (o )| ®
<= e 7 (0 1) | @

where m is the molecular mass. These expressions are substantially simpler
and nevertheless no less accurate? than those in the second Chapman-—
Enskog approximation given in terms of Q®(2), Q®(3), and Q®(4). Similarly,
the second approximation to the coefficient of self-diffusion D is of the form

B, i Q0Q) _5\s
= ZnmQO(0) [l * 10 1 20%@)/0%0) (Q<1’(1) B 5) ] ®

n being the number density of the molecules. The Chapman-Enskog approxi-
mation corresponding to (5) contains Q®(3), moreover.

Now let us consider a binary gas mixture in which both the temperature
T and the mole fractions n,/(ny + ng) and ng/(ny + ng) are inhomogeneous.
Here n, and sy denote the number densities of the species 4 and B, respec-
tively. The flow velocity of the species A relative to that of B is related to the
gradient of the mole fraction and the temperature gradient by

_(na + np)?
NS

v_"a
[D ot DrVin T] (6)

Vo — Vg =
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Here D is the coefficient of diffusion and D, is the coefficient of thermal
diffusion; the dimensionless quantity

kr = Dr/D ™

is called the thermal diffusion ratio. Theoretical expressions for these transport
coefficients contain three kinds of effective cross sections, QP(r), Q®(r), and
QP(r), between AA, AB, and BB, respectively.

For isotopic mixtures, the intermolecular force is similar and hence

myPOP(r) = Qm*YPA0() = mA00) ®)

where m, and my are the molecular masses and m* = mymg/(m, + mpg).
We let m, > mg.

For heavy isotopes, which we consider throughout, the relative mass
difference (m, — mg)/(m, + mg) is small, and k;, is proportional to this
quantity,

Nallg My — My
(ny + np)? my + mg

ky= ko* €))
The quantity k* is called “reduced thermal diffusion ratio.”
The first approximation in our scheme yields®’

. _ 15 200(2) — 5QM(1)

kT 8 Q<2>(2)

(10)

This was first derived from the Chapman-Enskog approximation

O 15209(2) — 5Q9M][5QV(1) + Q@) I
= GE@)5500(1) = 200902 + 4003) + 80@)]

kr*

by disregarding the second and higher powers of the right-hand terms of (2).
The difference between (10) and (11) is notable: it amounts to 5%, for the
rigid sphere model of molecules. After laborious higher order calculations,
Mason® found that (10) is definitely more accurate than (11).

A purpose of the present paper is to derive the expression (10) in a
simple and intuitive manner, and thereby to elucidate its physical meaning.
Another purpose is to give a second approximation to k;* in the present
scheme, which will indicate the high accuracy of the first approximation (10).

We shall obtain an expression for k;* by considering the case in which
the mole fractions in (6) are uniform:

m

- = _Ma— My v
Vi — Vg s T s Dk:*ViInT (12)

Here D is the coefficient of self-diffusion.
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2. A SIMPLE DERIVATION OF THE FIRST APPROXIMATION

If all the molecules in a gas were of the species A, the velocity distribution
Jfalen) would be of the form

5 macs?\{ my \12
(0) el AV A A 'V
/3 (cA)[l t "1(2 2kT )(ZkT) cs-Vln T}
in which f{®(c,) is the Maxwellian distribution. Similarly, if all were B,

5 mgeg?\ [ mg \12
(0) hed BYB M\ B .V
fs (CB)[I a1(2 2kT )(ZkT) cz-V In T]

It is known that, in the first approximation,

15 (kT\v2 1
“Fma(%) oo0) (13)

Here # is the total number density of the molecules, and the relationships (8)
have been used.

In a homogeneous mixture of isotopes A and B, the species A flows with
a velocity v, and the species B with a velocity of vz. Thus f§{%(c,) should be
replaced by f{¥(e, — v,), i.e., the velocity distribution should be of the form

5 2 12
Jalea) =f1§0)(cA)!:1 + %CA'VA + al(z - %) (2—72‘%..) c,'Vin T] (14)

This is our first approximation. A similar expression holds for fz(cg).

The relative flow velocity v, — vg is determined from the condition that
the momentum transfer between the two species should vanish on the
average:

f f [ FrCeafu(enmaes — mocsle — el do deydey =0 (15)

Here ¢, and c; are the velocities before a collision and ¢," and ¢’ are those
after the collision.
Equation (15) can be transformed into

J f f Sa(ea)fules)(g — g))g dodg dG = 0

where the center-of-mass velocity G and the relative velocities g = ez — ¢,
and g’ = ¢’ — ¢,’ have been introduced. On performing the integration, we
obtain

8770 - w0

= _3Ma— Mg W) — 50Mm
3 AT 0,2002) — SAV(1)] Vin T (16)
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From (12), (13), (16), and the first approximation to (5), we finally
obtain the expression (10).

3. SECOND APPROXIMATION

The second approximation to the velocity distribution fa(c,) in our
present scheme takes the form

e =101+ [ 1 + b5 () | P,

2
[ S<1>(’”';:; ) + a2S<2>(’"2';€"’; )](%)uch'V In T}

17

in which S“(x) denote S$¥,(x), the Sonine polynomials of order 3/2:
SOx) =3 —x, SPx) = (358) - Ix + Ix*

An expression similar to (17) applies to the function fz(cg) with the same
a,, a,, and b, . Our second approximation to a, and the first approximation to

a, are the following:
Q®3) 7\
[“”1[1 31 (o3~ 3 | o

Q23) 7
[a1]1 21 (Q(z)(z) "2") (19)
where [a; ], is the first approximation (13) used in Section 2.
The coefficient b, is to be determined on the basis of the Boltzmann
equation
ca-Vfa(€a) = (9fa/0t)con

in which the right-hand side indicates the rate of change due to molecular
collisions. For f,(c,) -on the left, we can substitute the Maxwellian f ‘°’(cA),
obtaining

(0) mMaCa® 5 Ofa

/2 A)( 2kT Z)CA VinT = (31‘ coll (20)
By multiplying ¢, on both sides and integrating with respect to ¢4, or by
making use of (15) directly, we obtain

16(kT) /2(VA — vp){4QW(1) — b, 2QM(Q2) — 5QOD]}

= Z_—T’@{m 2002) — 500(1)]

+ Sa,[—4QD(3) + 28QM(2) — 3500} Vin T
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By multiplying by (5/2 — maca?/2kT)c, on both hand sides of (20) and
integrating, we have
m* 1/2
2() "o — v200) - 5090
— b, [4QD(3) — 20QM(2) + 55QM() + 8QB()T}
— Ma — My (1(3) — (1) QW
T {3a,[4QD(3) — 20QD(2) + 15Q(1)]
— 23a,[2002) - SQM VI T
Here use has been made of integral formulas given in Refs. 9 and 10.

On eliminating b, in these two equations and making use of (5), (12),
(18), and (19), we finally obtain

15 2Q9(2) — 5QM(1
ke* =g ( 22(2,@ D148+ 80+ 8, + 8) @D
where
5 - _ 4QM(3) — 20Q(2) + 15QM(1)
07 T 200(3) — 200D(2) + 55Q(1) + 8Q™(2)
s 5 (Q23) T\ —407() + 2804(2) — 350%(1)
1T 126 \QPQ2) 2 200(2) — 500(1)
5 — 21 Q®(3) _z 2QW(2) — 5Q9(D)
27126 \Q®(2) 2] 509(1) + Q9(2)
5. = 2 (220) T
821 \0@Q) 2

Here terms containing higher powers of temperature derivatives of effective
cross sections have been disregarded, e.g., 4Q®(3) — 20QM(2) + 55Q9(1) +
8Q®(2) has been replaced by 40Q0(1) + 8Q2(2) in 8,.

For the rigid sphere model of molecules the correction terms are

8, = —0.051, 8, = +0.020, 8, = +0.013, 83 = +0.024
the sum 8, + 8; + 8; + 8; = 0.006 almost vanishing. In general, &, +
8, + 8, + 8;is negligible; this fact indicates that our first approximation (10)
is sufficiently accurate.

4. CONCLUDING REMARKS
The Chapman—-Enskog approximation (11) corresponds to

_ 1_5 2Q(1)(2) — SQ(I)(I)

*
k=% Q=)

1+ 8)
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This expression follows from a form of velocity distribution similar to (17)
in which the term a;S‘®(m,c,2/2kT) is omitted. Since this term is as effective
as the term b, SV(myc,?/2kT), and, furthermore, since these two contribu-
tions almost cancel each other, the expression (11) is not as accurate as the
simple expression (10).

The second approximation (21) is considerably simpler than Mason’s®
“Kihara-type second approximation,” which contains Q®(3). This approxi-
mation was obtained on the basis of a velocity distribution which is similar to
(17) but with 1 + 5,8 + b,S® instead of 1 + 5,5®. Mason’s expression
is 1.5%, larger than (21) in the case of a rigid sphere model of molecules.
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